Analytical and Numerical Methods and Test Calculations of
  One-Dimensional Force--Free Magnetodynamics on Arbitrary Magnetic Surfaces
  across Horizons of Spinning Black Holes by Koide, Shinji & Imamara, Tomoki
The Astrophysical Journal Supplement, published
Typeset using LATEX manuscript style in AASTeX61
ANALYTICAL AND NUMERICAL METHODS AND TEST CALCULATIONS OF
ONE-DIMENSIONAL FORCE–FREE MAGNETODYNAMICS ON ARBITRARY MAGNETIC
SURFACES ACROSS HORIZONS OF SPINNING BLACK HOLES
Shinji Koide1 and Tomoki Imamura2
1Department of Physics, Faculty of Science, Kumamoto University, 2-39-1, Kurokami, Kumamoto, 860-8555, JAPAN
2Algorithm Laboratory, 2-6-14, Ebisu-minami, Shibuya-ku, Tokyo, 150-0022, JAPAN
(Received 2019 June 4; Revised 2019 June 12; Accepted 2019 June 27)
ABSTRACT
Numerical simulations of the force-free magnetodynamics (FFMD) of the electromagnetic field
around a spinning black hole are useful to investigate the dynamic electromagnetic processes around
a spinning black hole, such as the emergence of the Blandford–Znajek mechanism. To reveal the basic
physics of magnetic fields around a black hole through the dynamic process, we use one-dimensional
(1D) FFMD along the axisymmetric magnetic surface, which provides a relatively simple, sufficiently
precise, and powerful tool to analyze the dynamic process around a spinning black hole. We review
the analytic and numerical aspects of 1D FFMD for an arbitrary magnetic surface around a black
hole. In addition, we also show some numerical simulation test results for three types of magnetic
surfaces at the equatorial plane of the black hole.
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1. INTRODUCTION
Recently, images of the supermassive black hole shadow in the center of the giant elliptical galaxy
M87, whose central core emits a powerful relativistic jet almost toward us (Biretta 1999), have
been reconstructed by the team of the Event Horizon Telescope (EHT) collaboration (Event Horizon
Telescope Collaboration 2019a). To extract information on the dynamics of the plasma, the black
hole’s gravitational field, and the black hole itself, it is necessary to develop fully general relativistic
models of the accretion flow, associated winds and relativistic jets, and the emission properties
of the plasmas. The general relativistic models are also required to understand the formation of
relativistic jets from stellar–mass black holes, such as microquasars (black hole binaries; Mirabel &
Rodriguz 1994; Tingay et al. 1995) and gamma-ray bursts (GRBs; Kulkarni 1999; LIGO Scientific
Collaboration et al 2017) and gravitational waves emitted from merging stellar–mass black holes
(Abbott et al. 2016). The most common approach to dynamical relativistic source modeling uses the
ideal general relativistic magnetohydrodynamic (GRMHD) approximation. Over the last decades,
a number of GRMHD codes have been developed and applied to a large variety of astrophysical
scenarios (Koide et al. 1998, 1999, 2000, 2002, 2006; Gammie et al. 2003; Koide 2003; McKinney
2006; Del Zanna 2007; McKinney & Blandford 2009; McKinney et al. 2013; Radice & Rezzolla
2013). The EHT team also found that images produced from GRMHD simulations with general
relativistic ray-tracing calculations (Event Horizon Telescope Collaboration 2019b; Porth et al. 2019)
are consistent with images of the asymmetric ring seen in the EHT data. From a comparison between
GRMHD simulations and EHT images, the EHT collaboration team concluded that the asymmetry
in brightness in the ring can be explained in terms of relativistic beaming of the emission from a
plasma rotating close to the speed of light around a black hole spinning clockwise. At the same time,
in those models that produce the relativistic jet of M87, the jet is powered by extraction of black
hole spin energy through the Blandford-Znajek mechanism (Blandford & Znajek 1977; McKinney
2006). The relativistic jet is anchored to the “funnel” region near the polar axis where low angular
momentum material will be swallowed up by the black hole. The strong magnetic fields that permeate
the black hole make the Blandford-Znajek mechanism work. The ensuing near-vacuum and magnetic
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dominance are difficult for GRMHD simulations to handle. In such a region near the polar axis, the
force-free condition becomes a good approximation.
To investigate dynamic processes of extremely strong magnetic fields around a spinning black
hole, two-dimensional calculations of the force-free magnetodynamics (FFMD) have been performed
(Komissarov 2001, 2002, 2004). Such simulations showed the emergence of energy radiation from a
spinning black hole via an axisymmetric magnetic field. However, sufficient analysis of the emergence
of energy radiation has not yet been shown because we have no analytic solution for a two-dimensional
electromagnetic field around a spinning black hole to compare with the numerical results. When we
assume that an axisymmetric magnetic surface is fixed around a black hole, we can reduce FFMD to
one–dimensional FFMD (1D FFMD), where we can obtain the analytic solutions of the steady-state
force-free fields to compare the numerical results. To investigate the fundamental physics of the
magnetic fields dynamically, we can use numerical simulations of 1D FFMD for the axisymmetric
magnetic surfaces across the black hole effectively. In this paper, we review a method of 1D FFMD
for an arbitrary fixed axisymmetric magnetic surface around a black hole. The 1D FFMD has the
following advantages,
• Developing the numerical calculation code is easy and small computer resources are sufficient
to run the code.
• Analyses of the numerical calculations are relatively easy.
• An analytic solution of the steady state can be given for an arbitrary magnetic surface around
a rapidly rotating black hole (Section 3).
However, 1D FFMD has some disadvantages.
• An axisymmetric stationary magnetic surface should be assumed. The results strongly depend
on the configuration of the magnetic surfaces.
• We cannot treat the interaction between the magnetic surfaces and should neglect energy
transport and wave propagation across the magnetic surfaces.
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It is noted that the energy transport and wave propagation across the magnetic surface are negligible
near the horizon. Therefore, we expect that the essential physics of force-free fields around a black
hole could be seized via 1D FFMD.
We have performed 1D FFMD numerical simulations of a magnetic field around a spinning black
hole at its equatorial plane to investigate the dynamic process of the energy extraction from the black
hole via the magnetic field (Koide & Imamura 2018; Imamura & Koide 2019). In the case of the
radial magnetic surface around an equatorial plane, the Poynting flux emerges from the ergosphere,
and the region of the finite Poynting flux expands toward infinity like a tsunami (Koide & Imamura
2018). On the other hand, in cases other than the radial magnetic surface, such as incurvature- or
excurvature-flared magnetic surfaces, the Poynting flux emerges around the ergosphere transiently
at a very early stage of the simulation: however, the finite Poynting flux region spreads outward very
slowly or is reduced and eventually vanishes (Imamura & Koide 2019). We explained the drastic
difference between these cases based on the analytic solution of the steady-state force-free fields.
In this paper, we generalize the 1D FFMD equations to perform numerical simulations of the
force-free field along an arbitrary magnetic surface. In addition, we show the analytic solutions of
the steady-state field along an arbitrary magnetic surface. Test calculations are shown for cases of
magnetic surfaces at the equatorial plane with three types of shapes.
We review generalized 1D FFMD equations for arbitrary magnetic surfaces in Section 2. In Section
3, we provide analytical solutions of the 1D steady-state force-free fields along an arbitrary axisym-
metric magnetic surface around a spinning black hole. In Section 4, we present the numerical test
results of 1D FFMD for cases of three types of magnetic surfaces along the equatorial plane. A
summary and discussions are shown in Section 5.
2. REVIEW OF FFMD
2.1. Covariant form of FFMD equations
The FFMD equations are based on the Maxwell equations with force-free conditions (Komissarov
2001, 2004). Here we assume the magnetic field is so strong that we can neglect the plasma inertia.
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We also assume that the electric resistivity and self gravity of the electromagnetic field vanish. The
line element in the spacetime xµ = (t, x1, x2, x3) is written by ds2 = gµνdx
µdxν . Here Greek subscripts
like µ and ν run from 0 to 3, while Roman subscripts like i and j run from 1 to 3. We employ the
natural unit system, where the speed of light c, gravitational constant G, and magnetic permeability
and electric permittivity in the vacuum µ0, 0 are unity. We also often set the black hole mass unity,
M = 1. The covariant forms of the Maxwell equations are
∇µF µν = 1√−g
∂
∂xµ
(√−gF µν) = −Jν , (1)
∇µ∗F µν = 1√−g∂µ(
√−g∗F µν) = 0 (2)
where ∇µ is the covariant derivative, Fµν is the electromagnetic field tensor, ∗Fµν = µνρσFρσ/2 is
the dual tensor of Fµν , and J
µ = (ρe, J
1, J2, J3) is the four-current density (ρe is the electric charge
density). Here µνρσ = ηµνρσ/
√−g is the Levi–Civita tensor, g = det(gµν) is the determinant of (gµν),
and ηµνρσ is the totally asymmetric symbol 1. We use the electric field Eµ and magnetic field B
µ
given by
Eµ = Fµ0, B
µ = ∗F 0µ =
1
2
0µρσFρσ. (3)
The Maxwell equations read the conservation law of the electromagnetic energy and momentum,
∇µT µν = −fLν , (4)
where T µν = F µσF
νσ − 1
4
gµνF λκFλκ is the four-electromagnetic energy-momentum tensor and f
ν
L =
JµF
µν is the four-Lorentz force density. In the case of the force-free condition fLν = 0, Eq. (4) yields
∇µT µν = 0. (5)
To perform FFMD numerical simulations, we use Eq. (4) instead of Eq. (1)
1 ηµνρσ = 1 if the order [µνρσ] is an even permutation of [0123], ηµνρσ = −1 if the order [µνρσ] is an odd permutation
of [0123], and ηµνρσ = 0 if µ, ν, ρ, σ are not all different.
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2.2. Degeneracy of force-free electromagnetic field
The degeneracy of the force-free electromagnetic field is imposed on the FFMD supplementarily.
This degeneracy is due to the condition of the magnetospheric plasma, where the charged particles
are plentiful enough to support a strong electric current and screen the electric field (Goldreich &
Julian 1969). To derive the degeneracy, we consider the low-inertia limit of relativistic magnetohy-
drodynamics (RMHD). The relativistic Ohm’s law is
uνFµν = η(Jµ − ρ′euµ) (6)
where uµ is the four-velocity of the plasma, η is the resistivity, ρ′e is the proper electric density. Eq.
(6) yields
Ei˜ + ijkv
j˜Bk˜ =
η
γ L
(Ji˜ − ρ′eui˜) = ηJ´i˜ (7)
where γL = u
0˜, vi˜ = ui˜/γL, and J´i˜ ≡ 1γL (Ji˜ − ρ′eui˜) is similar to the current density observed by the
plasma rest frame but not exactly. We have
∗F ρσFρσ =∗ F ρ˜σ˜Fρ˜σ˜ = −4Ei˜B i˜ = −4
η
γL
(Ji˜ − ρ′eui˜)B i˜, (8)
F ρσFρσ = F
ρ˜σ˜Fρ˜σ˜ = 2(B
i˜Bi˜ − E i˜Ei˜) = 2
[
1
γ2L
Bi˜B
i˜ + (vi˜B
i˜)2 − η
{
ηJi˜J
i˜ +
2
γL
ijkv
i˜J j˜Bk˜
}]
(9)
When η vanishes, Eqs. (8) and (9) yield the degeneracy,
∗F ρσFρσ = 0, (10)
F ρσFρσ > 0. (11)
In the case of the resistive plasma, the degeneracy is not always guaranteed. Because, for example,
when η and Ji˜J
i˜ are finite and ui˜ vanishes,
∗ F ρσFρσ 6= 0 from Eq. (8). Furthermore, when B i˜
vanishes, Eq. (9) yields F ρσFρσ = −2η2J´2 < 0 where the degeneracy are broken.
2.3. 3+1 formalism of FFMD
We review the 3+1 formalism of the FFMD equations derived from the covariant Eqs. (1), (2),
and (4). In order to introduce the 3+1 formalism, we use the local coordinate frame called “normal
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observer frame” xµ˜, in which the line element is written by,
ds2 = −dt˜2 + γijdxi˜dxj˜. (12)
Here we treat γij = gij as the elements of a 3 × 3 matrix (γij) and γ = det(gij). Then γij indicates
the elements of the inverse of the matrix (gij), that is γ
ikγkj = δ
i
j. When we define the lapse function
α and shift vector βi as gi0 = g0i = gijβ
j (or βi = gi0), α
2 = −g00 + gijβiβj, we write the line element
as
ds2 = −α2 + gij(dxi + βidt)(dxj + βjdt). (13)
Comparing Eqs. (12) and (13), we obtain dt˜ = αdt, dxi˜ = dxi+βidt and we have ∂t˜ = α
−1(∂t−βi∂i),
∂i˜ = ∂i.
This local coordinate system is not always orthonormal in the space. Then the components of the
vectors and tensors in the local reference frame is not intuitive in general. In the Boyer–Lindquist
(BL) coordinates, the local frame of space is already orthogonal, gij = h
2
i δij, and then we can
orthonormalized easily as
ds2 = ηµνdx
µˆdxνˆ = −dtˆ2 +
3∑
i=1
(dxiˆ)2 = −dt˜2 +
3∑
i=1
hihjδijdx
i˜dxj˜, (14)
where we set dtˆ = dt˜, dxiˆ = hidx
i˜. We have ∂tˆ = ∂t˜, ∂iˆ = h
−1
i ∂i˜. Here ηµν is the metric of Minkowski
space-time. This orthonormal local reference frame xµˆ is called the “zero-angular-momentum ob-
server” (ZAMO) frame.
The 3+1 formalism of the Maxwell equations are
1√
γ
∂
∂xi
(
√
γB i˜) = 0, (15)
∂
∂t
B i˜ = −ijk ∂
∂xj
[
α(Ek˜ − kpqNpB q˜)
]
, (16)
1√
γ
∂
∂xi
(
√
γE i˜) = ρ˜e, (17)
∂
∂t
E i˜ + α(J i˜ + ρ˜eN
i) = ijk
∂
∂xj
[α(Bk˜ + kmnN
mEn˜)] (18)
where ijk = α0ijk = γ−1/2η0ijk is the three-dimensional Levi–Civita tensor, N i = −βi/α. Note that
Nµ = (1/α,N i) is the four-velocity of the normal observer.
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The 3+1 formalism of the force-free condition is
J˜ iE˜i = 0, ρ˜eE˜i + ijkJ˜
j = 0. (19)
The conservation laws of energy and momentum of the electromagnetic field are given by
∂
∂t
u˜+
1√
γ
∂
∂xi
[α
√
γ(S˜i +N iu˜)] +
∂α
∂xi
S˜i
+
[
γjk
∂
∂xi
(αNk) +
1
2
αNk
∂
∂xk
γij
]
T i˜j˜ = −αJ˜ iE˜i, (20)
∂
∂t
S˜i +
1√
γ
∂
∂xk
[α
√
γ(T k˜
i˜
+NkS˜i)] +
∂α
∂xi
u˜
+
∂
∂xi
(αNk)S˜k − 1
2
∂
∂xi
γjkT
j˜k˜ = −α(ρ˜eE˜i + ijkJ˜ jB˜k) (21)
where Si˜ = ijkE
j˜Bk˜, u˜ = (E i˜Ei˜ +B
i˜Bi˜)/2, Bi˜ = γijB
j˜, and E i˜ = γijEj˜ (Appendix A).
2.4. Equation of energy conservation
Here we derive the equation of energy conservation from Eq. (4) with the Killing vector of temporal
boost transformation ξµ = (1, 0, 0, 0). Using the Killing equation ∇µξν +∇νξµ = 0, we obtain
∇µ(T µνξν) = 1√−g∂µ(
√−gT µνξν) = 0. (22)
When we use the energy flux density Sµ = T µνξν and the energy-at-infinity density e
∞ ≡ S 0˜, we
have the equation of the energy conservation
∂
∂t
e∞ +
1√
γ
∂
∂xi
(α
√
γSi) = 0. (23)
2.5. Conditions from axisymmetry on flux coordinates
Here we introduce flux coordinates for a given axisymmetric magnetic surface along an arbitrary
axisymmetric surface imaged by Fig. 1. Using the vector potential Aµ for the given axisymmetric
electromagnetic field, the magnetic surface is described by Ψ = Aφ = constant. The flux coordinates
are given by xµ = (t, r,Ψ, φ). Here, t, r, and φ are the time, radial, and azimuthal coordinates,
respectively. Using the flux coordinates, we have BΨ = 0. For a radial magnetic surface as shown in
Fig. 2, we use the colatitude coordinate θ as the coordinate Ψ−Ψ0 + θ0, where the radial magnetic
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Ψ
r=rH
horizon
φ
black hole equatorial plane
Ψ=Ψ0
Ψ>Ψ0
Ψ<Ψ0
Figure 1. Flux coordinates for 1D FFMD simulations with arbitrary axisymmetric magnetic surface. We
assume that the electromagnetic field is force-free and axisymmetric.
B
θ
horizon
φ
black hole
r
ergosphere
magn
etic fl
ux su
rface
θ0spinning
equatorial plane
Ψ=Ψ0
Ψ>Ψ0
Ψ<Ψ0
Figure 2. Flux coordinates for 1D FFMD simulations with axisymmetric radial magnetic surface Ψ = Ψ0.
We assume that the electromagnetic field is force-free and axisymmetric.
surface is given by θ = θ0. Note that, in this case, we use the unit system so that
∂Ψ
∂θ
= 1. In general,
the flux coordinates are not orthogonal, while the coordinates are orthogonal at the equatorial plane.
When we use the flux coordinates (r,Ψ, φ) (BΨ˜ = 0), we have the following three conditions with
respect to Eφ˜, Er˜, and J
Ψ˜ in general. It is noted that the BL and Kerr–Schild (KS) coordinates are
used for the flux coordinates of radial magnetic surfaces around the equatorial plane. In the case of
a radial magnetic surfaces, Ψ is directly given by θ without the addition of Ψ0 − θ0.
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The Ψ-component of Eq. (16) yields
∂BΨ˜
∂t
= − 1√
γ
∂
∂r
[α(Eφ˜ +
√
γNΨB r˜)] = 0,
and we find that α(Eφ˜ +
√
γNΨB r˜) is uniform. Then we have
Eφ˜ = −
√
γNΨB r˜ (24)
because αEφ˜ +
√
γNΨB r˜ should vanish at infinity. The azimuthal component of the force-free con-
dition (Eq. (19)) reads
ρ˜eEφ˜ + φΨrJ
Ψ˜B r˜ = −√γ(J Ψ˜ + ρ˜eNΨ)B r˜ = 0.
Then we have
J Ψ˜ = −ρ˜eNΨ (25)
because B r˜ is finite.
The degeneracy of the field in FFMD (Eq. (10)) and Eq. (24) yield Ei˜B
i˜ = Er˜B
r˜ + Eφ˜B
φ˜ =
B r˜(Er˜ −√γNΨBφ˜) = 0. Then we have
Er˜ =
√
γNΨBφ˜. (26)
The relationship given by Eqs. (24), (25), and (26) is important for the following calculations.
2.6. 1-D FFMD equations
We derive a general form of 1D FFMD equations for an arbitrary axisymmetric magnetic surface
of the force-free electromagnetic field. Eqs. (15)-(18), and (21), and (23) yield the following “1D”
equations:
1√
γ
∂
∂r
(
√
γB r˜) = 0,
∂
∂t
B r˜ = 0, (27)
∂
∂t
EΨ˜ = − 1√
γ
∂
∂r
[α(Bφ˜ +
√
γN rEΨ˜ −√γNΨE r˜)], (28)
∂
∂t
Bφ˜ = − 1√
γ
∂
∂r
[
α
√
γ(EΨ˜ −
√
γNφB r˜ +
√
γN rBφ˜)
]
, (29)
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∂
∂t
Sr˜ = − 1√
γ
∂
∂r
[α
√
γ(T r˜r˜ +N
rS˜r)]− ∂α
∂r
u˜
− ∂
∂r
(αN r)Sr˜ − ∂
∂r
(αNφ)Sφ˜ −
∂
∂Ψ
(αNΨ)SΨ˜ +
1
2
∂
∂r
γjkT
j˜k˜, (30)
∂
∂t
Sφ˜ = −
1√
γ
∂
∂r
[α
√
γ(T r˜
φ˜
+N rSφ˜)], (31)
∂
∂t
e∞ = − 1√
γ
∂
∂r
(α
√
γSr). (32)
Noted that other equations from Eqs. (17), (18), (20), (21), and (23) yield non–1D equations that
include the Ψ-derivative as shown in Appendix B. Eq. (27) shows
√
γB r˜ is uniform and constant. In
fact, we have B r˜ =∗ F 0˜r˜ =
1√
γ
(∂ΨAφ − ∂φAΨ) = 1√
γ
. The poloidal component of the magnetic field
B˜p is defined by B˜p =
√
γrrB
r˜ =
√
γrr/γ.
The primitive variables EΨ˜ is given by conservation quantities B r˜, Bφ˜, Sr˜, Sφ˜ as
EΨ˜ =
1√
γ
Sr˜B
φ˜ − Sφ˜B r˜
(B˜)2
(33)
where Br˜ = γrrB
r˜ + γrφB
φ˜, Bφ˜ = γφrB
r˜ + γφφB
φ˜, and (B˜)2 = B r˜Br˜ + B
θ˜Bθ˜. We have EΨ˜ =
1
γΨΨ
(EΨ˜ −√γNΨγΨrBφ˜) using EΨ˜ = γΨiEi˜ with Eqs (24), (26), and γΨφ = 0. We can write
T i˜
j˜
= −E i˜Ej˜ −B i˜Bj˜ + u˜δij, (34)
u˜ =
1
2
(B r˜Br˜ +B
φ˜Bφ˜ + (E˜)
2), (35)
where (E˜)2 = E i˜Ei˜.
Using Eqs. (29)-(31), (33)-(35) with B r˜ = B0/
√
γ (B0 is constant), we perform 1D FFMD numerical
simulations for an arbitrary magnetic surface. When we use the flux coordinates, we have B0 = 1.
2.7. Constants of steady state in 1D FFMD
Here, we show the constants for the steady state in 1D FFMD. We assume that the force-free field
is stationary and axisymmetric. First, the equation of the energy conservation (Eq. (32)) reads the
energy flux constant,
P = α
√
γSr. (36)
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Here e∞ = −χνT ν0 = α(u˜ + N iSi˜), Sr = −χνT νr = 1αrjkEjBk = 1α√γEΨBφ, where χµ = (1, 0, 0, 0)
is the Killing vector with respect to the time boost symmetry and EΨ = α(EΨ˜ + ΨjkN
jBk˜) =
α(EΨ˜ +
√
γN rBφ˜), Bφ = α(Bφ˜ − φjkN jBk˜) = α(Bφ˜ +
√
γN rEΨ˜). We have
P = EΨBφ = α
2(EΨ˜ +
√
γN rBφ˜)(Bφ˜ +
√
γN rEΨ˜). (37)
Next, vanishing right-hand side of Eq. (29) provides the constant,
ΩF = −α(EΨ˜ −
√
γNφB r˜ +
√
γN rBφ˜). (38)
Using the constant
√
γB r˜ = 1 in the flux coordinates, we also have
ΩF = − α√
γB r˜
(EΨ˜ −
√
γNφB r˜ +
√
γN rBφ˜). (39)
Here ΩF represents the angular velocity of the magnetic field line. Last, Eq. (28) in the situation
with J Ψ˜ = −ρ˜eNΨ yields the constant
I = α(Bφ˜ +
√
γN rEΨ˜ −√γNΨE r˜). (40)
Here I is the current inside of the magnetic surface of Ψ = Ψ0: Ψ ≤ Ψ0.
Using Eqs. (39) and (40), we obtain the analytic solution of the steady-state force-free field with I
and ΩF,
Bφ˜ =
1
α
√
γD
[√
γI −ΥΩF − α(γφr + ΥNφ)
]
, (41)
EΨ˜ =
1
αD
[
γφφΩF −√γN rI + α(γφφNφ + γφrN r)
]
, (42)
where Υ = γ(N rγΨΨ −NΨγrΨ) and D = γφφ −ΥN r. The I and ΩF of the steady state are given in
Section 3. In the BL and KS coordinates, we have Υ = 0 and Υ = γKSN
r
KSγ
θθ
KS, respectively.
Eq. (37) yields the relation
P = −IΩF. (43)
In the BL coordinates, these constants becomes
ΩF = ω − αEθˆ
RB rˆ
, I = αRBφˆ. (44)
In the KS coordinates, they are
ΩF = − α√
γB r˜
(Eθ˜ +
√
γN rBφ˜), I = α(Bφ˜ +
√
γN rE θ˜). (45)
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2.8. Spacetime with flux coordinates for an arbitrarily given magnetic surface
To describe the space-time around the spinning black hole with mass M and angular momentum
J , we use the two coordinate systems, BL coordinates and KS coordinates, defined below. Here we
use a = (J/Jmax)M , where Jmax = M
2 is the maximum angular momentum of a spinning black hole
with mass M . The metric of BL coordinates xµ = (t, r, θ, φ) is given by
ds2 = gµνdx
µdxν = −
(
1− 2Mr
ρ2
)
dt2 +
ρ2
∆
dr2 + ρ2dθ2 +R2dφ2 − 2× 2Mar
ρ2
sin2 θdφdt, (46)
where ρ2 = r2 +a2 cos2 θ∆ = r2−2Mr+a2 Σ2 = (r2 +a2)2−a2∆ sin2 θ, R2 = Σ
2
ρ2
sin2 θ. The horizon
is given by ∆ = 0, which yields r = M ± √M2 − a2 ≡ rH. In this coordinate system, α =
√
∆ρ2
Σ2
βφ = −2aMr
Σ2
≡ −ω, g = −ρ4 sin2 θ.
The metric of KS coordinates xµ = (t, r, θ, φ) is given by
ds2 = gµνdx
µdxν = −
(
1− 2Mr
ρ2
)
dt2 +
(
1 +
2Mr
ρ2
)
dr2 + ρ2dθ2 +R2dφ2
−2× a
(
1 +
2Mr
ρ2
)
sin2 θdrdφ+ 2× 2Mr
ρ2
dtdr − 2× 2Mar
ρ2
sin2 θdtdφ. (47)
At the horizon r = rH, all of the metrics of the KS coordinates are finite, while some metric of
BL coordinates, for example, grr, is infinity. In the KS coordinates, we have β
r =
2Mr
ρ2 + 2Mr
, βθ =
0, βφ = 0, γ = ρ2(ρ2 + 2Mr) sin2 θ,g = −ρ4 sin2 θ. The BL and KS coordinates are used for the base
of the flux coordinates. In the cases of radial magnetic surfaces as shown in Fig. 2, we directly use
these coordinates as the flux coordinates.
It is noted that BL xµBL = (tBL, rBL, θBL, φBL) and KS x
µ
KS = (tKS, rKS, θKS, φKS) coordinates are
related as
dtKS = dtBL +
2Mr
∆
drBL, dφKS = dφBL +
a
∆
drBL, rKS = rBL, θKS = θBL. (48)
Then we note that at the horizon and infinitely far from the the black hole, the times on KS and BL
coordinates are infinitely different. That is, the finite time on the BL coordinates corresponds to the
infinite past on the KS coordinates. Conversely, at an infinitely far point from the black hole, the
finite time on the BL coordinates corresponds to the infinite future on the KS coordinates.
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We introduce the flux coordinates xµ = (t, r,Ψ, φ) around an arbitrary axisymmetric magnetic
surface Ψ = Ψ0, where Ψ0 is a constant, which is described by θ = θ0(r), where θ0(r) is function
of r. When the magnetic surface Ψ = Ψ around the magnetic surfaces Ψ = Ψ0 is described by
θ = θ(r,Ψ), the Taylor expansion of θ(r,Ψ) with an infinitesimally small variable Ψ − Ψ0 yields
θ(r,Ψ) = θ(r,Ψ0) +
(
∂θ(r,Ψ)
∂Ψ
)
Ψ=Ψ0
(Ψ−Ψ0) + · · ·. Then we have
Ψ ≈ Ψ0 + b(r) (θ − θ0(r)) , (49)
where b(r) =
[(
∂θ(r,Ψ)
∂Ψ
)
Ψ=Ψ0
]−1
and θ0(r) = θ(r,Ψ0). The function b(r) determines the flared
shape of the magnetic surfaces. The metric of the flux coordinates in the Kerr spacetime is given by
the metric of KS coordinates xµKS.
γrr = γ
KS
rr +K
2γKSθθ , γΨΨ =
1
b2
γKSθθ , γφφ = γ
KS
φφ ,
γrΨ =
K
b
γKSθθ , γΨφ = 0, γrφ = γ
KS
rφ ,
α2 = α2KS, β
r = βrKS, β
Ψ = bKβrKS, β
φ = 0,
(50)
where K ≡ θ′0(r)−
b′(r)
b(r)2
. We also have
γrr = γrrKS, γ
ΨΨ = b2(γΨΨKS +K
2γrr), γφφ = γφφKS,
γrΨ = KbγrrKS, γ
Ψφ = −KbγφrKS, γrφ = γrφKS. (51)
3. ANALYTIC SOLUTION OF A STEADY-STATE FORCE-FREE FIELD ALONG AN
ARBITRARY MAGNETIC SURFACE
Here we derive the analytic solution of the steady-state force-free field along an arbitrary magnetic
surface Ψ = Ψ0 using the flux coordinates (t, r,Ψ, φ). We derive the constants I and ΩF of the steady
state along the magnetic surface Ψ = Ψ0, which is indicated by θ = θ0(r). Because the constants of
the steady-state force-free field do not depend on the coordinates, we use the KS coordinates for the
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base coordinates without loss of generality. First, we derive the condition with respect to I and ΩF
at the horizon, which is called the “Znajek condition” (Znajek 1977). Using Eqs. (41), we have
Bφ˜ =
I + (γN rγΨΨΩF − αγφr)B r˜
α(γφφ − (√γN r)2γΨΨ) . (52)
Because the magnetic surface is radial at the horizon, b in Eq. (49) is constant bH around the horizon.
We have γΨΨ = b2Hγ
θθ
KS and N
Ψ = N θKS = 0 around the horizon. We obtain
Bφ˜ =
I + (γKSN
r
KSγ
θθ
KSΩF − αKSγKSφr )B r˜
α(γKSφφ − (
√
γKSN rKS)
2γθθKS)
. (53)
Because the denominator of Eq. (53), γKSφφ − (
√
γKSN
r
KS)
2γθθKS = ∆ sin
2 θ(1 + 2Mr/ρ2) vanishes at the
horizon, the continuity of Bφ˜ at the horizon yields the Znajek condition,
I =
(−√γKSN rKSγθθKSΩF + αKSγKSφr ) bH = 1ρ2H (2MrHΩH − a)bH sin θH, (54)
where ρ2H = r
2
H + a
2 cos2 θH. Here bH and θH are the values of b and θ at the horizon, respectively.
Next, we derive the condition with respect to I and ΩF at infinity. The condition is given by the
condition of outward propagation of the force-free electromagnetic wave,
EΨˆ = B
φˆ (55)
where ∧ indicates the orthonormal (proper) frame of the normal observer, in which the r-coordinate
is parallel to the magnetic surface Ψ = Ψ0. At infinity, the proper frame x
µˆ is given by dtˆ = dt˜,
drˆ = h1(dr˜+kdΨ˜), dΨˆ = h
′
2dΨ˜, and dφˆ = h3(dφ˜+ ldr˜) where h
2
1 = γrr = 1+K
2r2−h23l2, h21k =
K
b
r2,
h22 = γθθ =
r2
b
, h23 = γφφ = r
2 sin2 θ, h23l = −a sin2 θ, and (h′2)2 = h22 − h21k2 at infinity. Using the
proper frame at infinity, we have ds2 = −dtˆ2 + drˆ2 + dΨˆ2 + dφˆ2. At infinity, we have h21 = 1−K2r2,
k =
K
b
r2
1−K2r2 , and l = 0. The relationships between the variables of the proper frame and the
normal observer frame
EΨˆ =
1
h′2
(EΨ˜ − kEr˜), Bφˆ = h3Bφ˜, (56)
and Eq. (55) yield
I = −b∞ sin θ∞ΩF (57)
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at infinity, where b∞ sin θ∞ = lim
r→∞
b sin θ. Using Eqs. (54) and (57), we obtain the constant
ΩF =
a
2MrH + ρ2Hb∞ sin θ∞/bH sin θH
. (58)
The constant I is given by (57) and (58) as
I = − ab∞ sin θ∞
2MrH + ρ2Hb∞ sin θ∞/bH sin θH
. (59)
Eqs. (58) and (59) are the generalization of the solution given by Menon & Dermer (2005). The
electric field EΨ˜ and the magnetic field B
r˜ of the steady-state solution are given by Eqs. (41) and
(42) with ΩF and I given by Eqs. (58) and (59), respectively, for the flux coordinates on the BL and
KS coordinates.
In general, when the magnetic surface is radial (b∞ = bH, 0 < θ∞ = θH < pi), we have
ΩH =
a
(rH + 2M)rH
=
a
4MrH − a2 . (60)
In the case of aM , Eq. (60) yields the well-known relation ΩF = ωH
2
where ωH = − gφt
gφφ
=
a
2MrH
is the angular velocity of the normal observer at the horizon.
3.1. Derivation of two Blandford–Znajek solutions with perturbation method
To show the validity of the 1D FFMD analytic solution, we derive the analytic solutions of the
steady-state force-free field around a extremely slowly spinning black hole (aM) given by Bland-
ford & Znajek (1977). Blandford & Znajek (1977) resorted to a perturbation method in which they
expanded on the powers of a/M . Such a technique can only be of use when the change in the poloidal
field caused by spinning up a non-rotating field configuration (supported by currents in an equatorial
disk) can be regarded as small. They wrote an exact axisymmetric vacuum solution for the magnetic
field in a Schwarzschild metric by Ψ(r, θ) = X(r, θ) used as the unperturbed function. According
to the perturbation method, the perturbed variables, the electromagnetic angular frequency and the
current I are written by ΩF =
a
M2
W (r, θ) and I =
a
M2
Y (r, θ), respectively. They showed two ex-
amples of the perturbation technique: (a) the radial magnetic field (of opposite polarity in the two
hemisphere) and (b) a force-free magnetosphere in which the magnetic field lines lie on paraboloidal
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surfaces (cutting an equatorial disk). We derive the expression of W and Y using the magnetic
surfaces for both cases as follows.
3.1.1. The case of the radial magnetic surface
The vector potential
Ψ(r, θ) = X(r, θ) = −C cos θ (0 ≤ θ ≤ pi/2) (61)
with a constant C is an exact solution of the vacuum Maxwell equations in a Schwarzschild metric,
which describes the unperturbed radial magnetic field (Eq. (6.1) in Blandford & Znajek (1977)).
Blandford & Znajek (1977) used this solution as the unperturbed vector potential Ψ of the split
monopole field around a extremely slowly spinning black hole. It is noted that in the case of the split
monopole, the solution is used except on an equatorial disk containing a toroidal surface current den-
sity Ism = 2C/r
2. Eq. (61) yields b = [∂θ(r,Ψ)/∂Ψ]−1 = C sin θ. Then we have bH sin θH = b∞ sin θ∞
because Ψ = −C cos θH = −C cos θ∞ reads θH = θ∞. Eq. (58) yields ΩF = a
4MrH − a2 cos2 θH . Using
aM , we have ΩF = a
8M2
=
a
M
W . Eq. (59) yields I = − aC
8M2
sin2 θ =
a
M2
Y . Then we obtain
W =
1
8
, Y = −C
8
sin2 θ. (62)
These W and Y are the same expressions given by Eq. (6.5) in Blandford & Znajek (1977) in the
radial magnetic surface case.
The power per solid angle from the horizon is given by
PBZ =
dL
dΩ
=
2pidΨ
dΩ
dL
2pidΨ
=
2pidΨ
2pi sin θdθ
P =
bH
sin θH
P, (63)
where L is the power radiated by the black hole in the region between the pole and the magnetic
surface Ψ and Ω is the solid angle. We have
PBZ =
(
a2C
8M2
)2
sin2 θ. (64)
3.1.2. The case of the paraboloidal magnetic surface
18 Koide and Imamura
The vector potential of the paraboloidal magnetic surface is given by Eq. (7.1) in Blandford &
Znajek (1977) as
Ψ(r, θ) = X(r, θ) =
1
2
[r(1− cos θ) + 2M(1 + cos θ)(1− ln(1 + cos θ))]. (65)
Eq. (65) yields b = [∂θ(r,Ψ)/∂Ψ]−1 =
C
2
sin θ[r + 2M ln(1 + cos θ)]. With aM , we have
ΨH =
C
2
[2M(1− cos θH) + 2M(1 + cos θH)(1− ln(1 + cos θH))],Ψ∞ = C
2
[
1
2
r∞θ2∞ + 4M(1− ln 2)
]
.
Using ΨH = Ψ∞, we get
1
2
r∞θ2∞ = 2M [2 ln 2− (1 + cos θH) ln(1 + cos θH)]. We calculate as
bH sin θH = CM sin
2 θH[1 + ln(1 + cos θH)], b∞ sin θ∞ ≈ Cr∞(1− cos θ∞) ≈ C 1
2
r∞θ2∞.
Using Eqs. (58) and (59), we obtain
ΩF =
a
M2
N
D
, I = − a
M2
N
D
b∞ sin θ∞,
where N =
1
4
sin2 θH[1+ln(1+cos θH)] and D = 4 ln 2+sin
2 θH+{sin2 θH−2(1+cos θH)} ln(1+cos θH).
Then we have
W =
N
D
, Y = 2MC[2 ln 2− (1 + cos θH) ln(1 + cos θH)]N
D
. (66)
The expression W is identified to the perturbed solution given by Eq. (7.5) in Blandford & Znajek
(1977).
Using Eq. (63), we obtain the power per unit solid angle,
PBZ = 2
( a
M
)2
C2{1 + ln(1 + cos θH)}{2 ln 2− (1 + cos θH) ln(1 + cos θH)}
(
N
D
)2
. (67)
4. TEST NUMERICAL CALCULATIONS OF 1D FFMD ON THE MAGNETIC SURFACE
AROUND THE EQUATORIAL PLANE
4.1. 1D FFMD equations and flux coordinates for the magnetic surface along the equatorial plane
for numerical simulations
We show the 1D FFMD equations for different types magnetic surface along the equatorial plane
for numerical calculations. In the KS coordinates, using xµ = (t, r, θ, φ) = (t, r,Ψ, φ), we have the
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Maxwell equations and the conservation law of momentum at the equatorial plane as follows:
∂
∂t
Bφ˜ = − 1√
γ
∂
∂r
[
α
√
γ(Eθ˜ +
√
γN rBφ˜)
]
, (68)
∂
∂t
Sr˜ = − 1√
γ
∂
∂r
[α
√
γ(T r˜r˜ +N
rSr˜)]− ∂α
∂r
u˜
− ∂
∂r
(αN r)Sr˜ − 1
2
∂
∂r
γjkT
j˜k˜, (69)
∂
∂t
Sφ˜ = −
1√
γ
∂
∂r
[α
√
γ(T r˜
φ˜
+N rSφ˜)]. (70)
Here we use N θ = 0 and Nφ = 0 at the equatorial plane in the KS coordinates.
In the BL coordinates, we have N r = 0, N θ = 0, αNφ = ω and gij = h
2
i δij. We use the ZAMO
frame xiˆ easily and obtain the 3+1 formalism equation with the ZAMO frame along the equatorial
plane as follows:
∂
∂t
Bφˆ = − 1
hrhθ
∂
∂r
[
hθ(αEθˆ − hφωB rˆ)
]
, (71)
∂
∂t
Srˆ = − 1
α2
√
γ
∂
∂r
[
α2
√
γ
hr
T rˆrˆ
]
− 1
hr
∂α
∂r
(uˆ− T rˆrˆ )
−
∑
i 6=r
α
hrhj
∂hi
∂r
T jˆjˆ − σSφˆ, (72)
∂
∂t
Sφˆ = −
1
hφ
√
γ
∂
∂r
[
α
√
γhφ
hr
T rˆ
φˆ
]
, (73)
where σ = (hφ/hr)∂(αN
φ)/∂r. For the numerical calculation of 1D FFMD, we use Eqs. (68)–(70)
and Eqs. (71)–(73) for the numerical calculations in the KS and BL coordinates, respectively.
The flux coordinates for the three types of the magnetic surface along the equatorial plane as shown
in Fig. 3 are given as follows:
θ0(r) =
pi
2
,
b(r)=

[1 + 0.25(r − rH)2]m (r > rH)
1 (r ≤ rH)
. (74)
The incurvature-flared, radial, and excurvature-flared magnetic surfaces are given by Eq. (74) with
m > 0, m = 0, and m < 0, respectively.
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Figure 3. Flux coordinates for 1D FFMD on three types of magnetic surfaces around the equatorial plane:
(a) radial magnetic surface (m = 0), (b) excurvature-flared magnetic surface (m < 0), (c) incurvature-flared
magnetic surface (m > 0). (Modified from Imamura & Koide (2019))
4.2. Numerical method
We use the Lax–Wendroff scheme and the simplified TVD scheme (Davis 1984) for the 1D FFMD
numerical calculations. The mesh number of the standard case is 1,000 (and 10,000 if necessary). In
the KS coordinates, we use the even interval mesh with the range rmin ≤ r ≤ rmax (rmin = 0.9rH,
rmax = (40 ∼ 50)rH).
In the BL coordinates, we use the even interval mesh on the (pseudo-)tortoise coordinate for the
radial coordinate r∗ such as dr∗ ∝ 1
r − r0dr (r0 < rmin is a constant, and typically we set r0 = 1.9999
for the a = 0.01M case). When r0 = rH, the coordinate r∗ becomes the exact tortoise coordinate. We
use the the equations of the Faraday law and the conservation equation of energy flux Si˜ (i = r, φ).
4.3. Test numerical calculations of 1D FFMD along the equatorial plane
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Here we show some test calculations of 1D FFMD simulations for variously shaped magnetic surfaces
around the equatorial plane, as shown in Fig. 3. In the case of the radial magnetic surface, we can use
the BL or KS coordinates as the flux coordinates. The 1D FFMD calculations along the equatorial
plane are listed in Table 1.
Magnetic surface a∗
Coordinate
system
Initial condition Result Fig. No. Sections
Radial 0.01 BL BZ solution Stationary 4 4.3.1
KS BZ solution Stationary 5
BL Vacuum Stationary 6 4.3.2
BL I = 0 Out/inward tsunami 7, 8 4.3.3
KS I = 0 Outward tsunami 9
0.95 BL Static solution Stationary 10 4.3.4
KS Static solution Stationary 11
KS Pulse at r = 10M Out/inward pulse propagation 12 4.3.5
KS Pulse in ergosphere Out/inward pulse propagation 13
KS Pulse in horizon Inward pulse propagation 14
BL I = 0, ΩF = 0 Out/inward tsunami 15,16 4.3.6
KS I = 0, ΩF = 0 Outward tsunami 17
Incurvature-flared 0.95
Flux coor-
dinates
Steady state Steady 18 4.3.7
based on KS I = 0, ΩF = 0 Slow conversion to steady state 19
Excurvature-flared 0.95
Flux coor-
dinates
Steady state Unstable — 4.3.8
based on KS I = 0, ΩF = 0 No conversion 20
Table 1. 1D FFMD test calculations for magnetic surfaces at the equatorial plane (BL=Boyer–Lindquist
coordinates; KS=Kerr–Schild coordinates; BZ=Blandford–Znajek)
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4.3.1. Test calculations of the Blandford–Znajek solution
First we calculate the Blandford–Znajek solution on the monopole radial magnetic field as a test
calculation of our numerical code in the BL and KS coordinates. We use the Blandford–Znajek
solutions for the initial condition of time-development numerical simulations to check the 1D FFMD
code due to the solutions being stationary. Note that we assume that the spin parameter of black
hole a∗ ≡ a/M is much smaller than unity (a∗ = 0.01). In the BL coordinates, the solution is given
by
B rˆ =
B0
hθR
[
1− a2∗f(r)
] ≈ B0
hθR
, B θˆ = 0,Bφˆ = − aB0
8αRM2
, (75)
Eθˆ = −
R
α
(ΩF − ω)B rˆ, Erˆ = Eφˆ = 0, (76)
where ΩF = a/(8M
2) and f(r) is a complex function, which is given in Section 6 of Blandford &
Znajek (1977). Here we use the flux coordinates (t, r,Ψ, φ) = (t, r, θ, φ); thus we must set B0 = 1. In
the Blandford–Znajek solution, the slowly spinning black hole limit condition (a∗  1) is used and
we neglect the term of f(r).
In the KS coordinates, the Blandford–Znajek solution is given by
B r˜ =
B0√
γ
, B θ˜ = 0, Bφ˜ = − aαB0
2Mr3
(
1 +
r
4M
)
, (77)
Eθ˜ = −
aB0
8M2α
−√γN rBφ˜,Er˜ = Eφˆ = 0. (78)
In both the BL and KS coordinates, the numerical results demonstrate that the solutions are
stationary, as shown in Figs. 4 and 5 , respectively.
4.3.2. Test calculation of the electromagnetic field in a vacuum
In the force-free condition, we have the solution of the electromagnetic field in a vacuum. It is
obtained from the Maxwell equations with ρe = 0 and J = 0. In the BL coordinates, we have
B rˆ =
B0
hθR
, B θˆ = 0,Bφˆ = 0, (79)
Eθˆ = hθN
φB rˆ =
Rω
α
B rˆ, Erˆ = Eφˆ = 0 (80)
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Figure 4. Test by the Blandford–Znajek solution (a∗ = 0.01) with the BL coordinates. Dashed lines show
quantities at t = 0, dotted lines show results at t = 5M , and solid lines show results at t = 10M . Dashed,
dotted, and solid lines overlap in this case.
Figure 5. Test by the Blandford–Znajek solution (a∗ = 0.01) with the KS coordinates. Dashed lines show
quantities at t = 0, dotted lines show results at t = 5M , and solid lines show results at t = 10M . Dashed,
dotted, and solid lines overlap in this case.
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In the KS coordinates, the solution of the electromagnetic field in a vacuum is given by
B r˜ =
B0√
γ
, B θ˜ = 0,Bφ˜ = − aBr˜
∆(1− 2M/r)r2 , (81)
Eθ˜ = −
√
γB r˜Bφ˜, Er˜ = Eφˆ = 0. (82)
Note that Bφ˜ diverges at the horizon in the Kerr–Schild coordinates, whose metrics are all finite.
This indicates that divergence of the solution is physical, and we cannot use this solution.
We perform a test calculation with the vacuum solution in the BL coordinates, as shown in Fig.
6. The result shows that I, P , and ΩF are negligibly small, and, as expected, the solution is nearly
stationary. The numerical calculations in Subsections 4.3.1 and 4.3.2 indicate the reliability of the
1D FFMD code.
Figure 6. Test by vacuum solution for a radial stationary magnetic field with the BL coordinates (a∗ = 0.01).
Dashed lines show quantities at t = 0, dotted lines show results at t = 5M , and solid lines show results at
t = 10M . Here, P , I, and ΩF are negligibly small.
4.3.3. Test calculations of the dynamic process toward the Blandford–Znajek solution with small a∗
Here we perform numerical test calculations for the emergence of the Blandford–Znajek mechanism
around a slowly spinning black hole of a∗ = 0.01 with both BL and KS coordinates. Note that the
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initial condition I = 0 (P = 0) is used in the cases of both the BL and KS coordinates. First, we
show the result of the BL coordinates. When I = 0 (P = 0) in the BL coordinates of a∗ = 0.01, we
have Bφˆ = 0. Figure 7 shows that no quantity ever changes at the horizon due to the time-freezing
at the horizon. A wave is caused around the ergosphere, and the fronts propagates outward like a
“tsunami” and inward to the horizon. The constants of the stationary state in the wave are realized
as the Blandford–Znajek solution with ΩF = ωH/2 = a∗/8M = 0.00125. The energy flux is provided
from the front of the inward wave near the horizon. In the front of the inward wave, the energy-at-
infinity becomes negative. To observe this effect, we check the above statement near the black hole,
as shown in Fig. 8. We find the profile of P at t = 4M has its maximum value at r = 2.2M , and
its value at the horizon is zero. Comparing the profile of P at t = 4M and t = 8M indicates that
the profile spreads both outward and inward. The outward spread is shown in Fig. 7. Note that the
inward spread continue to approach to the horizon but never actually reaches it. Then the energy
flux emerges from the ergosphere. As shown in Fig. 7, the energy-at-infinity e∞ becomes negative at
t = 40M .
Figure 7. Simulation of FFMD with zero power and current (P = 0, I = 0) as initial conditions along the
radial magnetic field at the equatorial plane in terms of the BL coordinates (a∗ = 0.01). Dashed lines show
quantities at t = 0, dotted lines show results at t = 20M , and solid lines show results at t = 40M .
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Figure 8. Enlarged plot near the horizon at an early stage of the simulation (initial conditions: P = 0,
I = 0 along the radial magnetic surface at the equatorial plane) of Fig. 7 in terms of the BL coordinates
(a∗ = 0.01). Dashed lines show quantities at t = 0, dotted lines show results at t = 4M , and solid lines show
results at t = 8M .
In the KS coordinates, we have the initial condition I = 0 (P = 0) and Eθ˜ = 0. The results are
shown in Fig. 9. The quantities at the horizon rapidly converge to the values of Blandford–Znajek
solution, and the region similar to the Blandford–Znajek solution spreads outward. It appears that the
horizon behaves like a boundary, while “causality” prohibits outward propagation of the information
through the horizon. This result also demonstrates that the outward energy flux at the horizon
increases spontaneously to reach the value of the Blandford–Znajek solution even in the case of
initially no current and energy flux.
4.3.4. Test calculations of the Blandford–Znajek mechanism with finite a∗
We perform 1D FFMD numerical simulations with the steady-state solution for finite a∗ at the
equatorial plane in the flux coordinates based on the BL and KS coordinates. In the force-free steady
state, we have constants I, P , and ΩF, and the azimuthal magnetic field component and colatitude
electric field component are given by Eqs. (41) and (42), respectively.
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Figure 9. Simulation of FFMD with zero power and current (P = 0, I = 0) as initial conditions along the
radial magnetic field at the equatorial plane in terms of the KS coordinates (a∗ = 0.01). Here the electric
field in the normal frame is initially zero (Eθ˜ = 0). Dashed lines show quantities at t = 0, dotted lines show
results at t = 20M , and solid lines show results at t = 40M .
When the magnetic surface locates at the equatorial plane (θ0(r) = pi/2 and K = 0), using Eqs.
(58) and (59) with θH = θ∞ = pi/2, we obtain the following constants:
ΩH =
a
((b∞/bH)rH + 2M)rH
, (83)
I = − ab∞
((b∞/bH)rH + 2M)rH
. (84)
Figures 10 and 11 show the simulation results with the steady-state solution (Eqs. (83) and (84))
for the case of a radial magnetic surface (b∞ = bH), where the flux coordinates are the BL and KS
coordinates, respectively, for a∗ = 0.95. Here the horizon locates at r = 1.31M . This clearly confirms
that the solution gives the steady state of the electromagnetic field with the outward power predicted
by P = Ω2F = 0.048, where we use the unit system such that bH = 1. Hereafter, we use the unit
system with bH = 1.
4.3.5. Test calculations of pulse propagation on the Blandford–Znajek solution with finite a∗
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Figure 10. Test by the Blandford–Znajek solution (a∗ = 0.95) with the BL coordinates. Dashed lines show
quantities at t = 0, dotted lines show results at t = 5M , and solid lines show results at t = 10M . Dashed,
dotted, and solid lines overlap in this case.
Figure 11. Simulation with steady state solution with Eqs. (83) and (84) for a∗ = 0.95. Dashed lines
show quantities at t = 0, dotted lines show results at t = 5M , and solid lines show results at t = 10M .
Dashed, dotted, and solid lines overlap in this case.
To investigate causality, we follow the propagation of the pulse initially added to the steady-state
field around a rapidly spinning black hole (a∗ = 0.95). Here we initially add the perturbation of the
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pulse to the azimuthal component of the magnetic field. The additional azimuthal component of the
magnetic field of the pulse to the stationary fields at r = r0 with width δ and amplitude A is given
by
Bφ˜pul =

A
2
(
1 + cos pi
r − r0
δ/2
) (
r0 − δ
2
≤ r ≤ r0 + δ
2
)
0
(
r < r0 − δ
2
, r > r0 +
δ
2
) . (85)
Figure 12 shows the propagation of the pulse initially at r = 10M on the background steady-state
electromagnetic field as obtained by Eqs. (83) and (84) for a∗ = 0.95. Two pulses propagate outward
and inward with velocity 0.7 and 1.2, respectively. This demonstrates that the information can
propagate both inward and outward at near the speed of light outside of the ergosphere.
Figure 13 shows the propagation of the pulse initially located at r = 1.8M inside the ergosphere,
where the background is the same as that in Fig. 11. As shown, two pulses also propagate outward
and inward; however, the inward pulse runs fast, and the outward pulse propagates very slowly.
Figure 14 shows the propagation of the pulse initially located at r = 0.95M inside the horizon,
where the background is the same as that in Fig. 11. Here we find two pulses at t = 0.1M (dotted
line). One pulse at r = 0.82M propagates inward rapidly. At t = 0.2M , this pulse passes through
the horizon. The pulse at r = 0.945 propagates inward very slowly and appears to be nearly at rest.
This confirms that the energy can be transported outward even inside of the horizon, but information
is never transported outward. This result is consistent with the notion of causality around a black
hole.
4.3.6. Test calculations of the emerging Blandford–Znajek process with finite a∗
To investigate the emergence process of the Blandford–Znajek mechanism, we run several simula-
tions with the KS coordinates and observe the time-dependent process of the force-free field inside,
at, and outside the horizon. To find the details of the process between the static limit and the
horizon, we put the spin parameter of the black hole as a∗ = 0.95. We also perform simulations with
the BL coordinates to investigate the dependence on the coordinate systems. Here we use the initial
condition with Bφ˜ = 0 and Eθ˜ = 0 around the spinning black hole.
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Figure 12. Simulation of the propagation of the pulse of the magnetic field with A = 10−3 of Eq. (85)
at r = 10 outside the ergosphere. The background field is given by the steady-state solution with Eqs. (83)
and (84) (b∞/bH = 1 (radial magnetic surface), a∗ = 0.95). Dashed lines show quantities at t = 0, dotted
lines show results at t = 5M , and solid lines show results at t = 10M .
Figure 15 shows the time development of the power P , current I, and angular velocity of the
magnetic field lines ΩF on the BL coordinates. The power and angular velocity of the magnetic field
lines are zero at the initial condition. The results obtained at t = 20M (dotted line) and t = 40M
(solid line) show that finite regions of P and ΩF spread outward at the speed of light. Note that P
and ΩF converge to the values expected by the steady state, i.e., P = Ω
2
F = 0.048 with Eqs. (83)
and (84). Then it seems that the steady-state outward energy flux is supplied at the vicinity of the
black hole. Figure 16 shows an enlargement of Fig. 15 near the horizon. Here we observe inward
propagation of the tsunami of P and ΩF in the BL coordinates, which is caused by a time lapse of
the coordinates near the horizon.
Figure 17 shows the time development of P , I, and ΩF on the KS coordinates. The power and
angular velocity of the magnetic field lines are zero in the initial condition. The results at t = 30M
(dotted line) and t = 60M (solid line) show that finite regions of P and ΩF spread outward at
the speed of light. Note that P and ΩF converge to the values expected by the steady state, i.e.,
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Figure 13. Simulation of the propagation of the pulse of the magnetic field with A = 3× 10−3 of Eq. (85)
at r = 1.8 inside the ergosphere. The background field is given by the steady-state solution with Eqs. (83)
and (84) (b∞/bH = 1 (radial magnetic surface), a∗ = 0.95). Dashed lines show quantities at t = 0, dotted
lines show results at t = 1M , and solid lines show results at t = 2M .
P = Ω2F = 0.048 with Eqs. (83) and (84). Then it seems that the steady-state outward energy flux
comes form the vicinity of the black hole.
4.3.7. Test calculations of the emergence of the Blandford–Znajek mechanism along the incurvature-flared
magnetic surface at the equatorial plane
Here we show a numerical calculation with an incurvature-flared magnetic surface given by Eq.
(74) with m = 0.25 imaged in Fig. 3 (c).
Figure 18 shows the steady-state solution of P , I, and ΩF along an incurvature-flared magnetic
surface at the equatorial plane around a spinning black hole with a∗ = 0.95.
Figure 19 shows the time development of P , I, and ΩF of the force-free electromagnetic field along
an incurvature-flared magnetic surface at the equatorial plane around a spinning black hole with
a∗ = 0.95. Here the horizontal solid red lines show the steady-state solution. In the incurvature-
flared magnetic surface case, the electromagnetic field tends to converge very gradually to the steady
state (details are provided by Imamura & Koide 2019).
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Figure 14. Simulation of the propagation of the pulse of the magnetic field with A = 10−2 of Eq. (85) at
r = 0.9 inside the horizon. The background field is given by the steady-state solution with Eqs. (83) and
(84) (b∞/bH = 1 (radial magnetic surface), a∗ = 0.95). Dashed lines show quantities at t = 0, dotted lines
show results at t = 0.1M , and solid lines show results at t = 0.2M .
Figure 15. Simulation of FFMD with zero power and current (initial condition: P = 0, I = 0) as initial
conditions in terms of the BL coordinates (a∗ = 0.95). Dashed lines show quantities at t = 0, dotted lines
show results at t = 20M , and solid lines show results at t = 40M .
4.3.8. Test calculations of the emergence of the Blandford–Znajek mechanism along the excurvature-flared
magnetic surface at the equatorial plane
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Figure 16. Enlarged plot near the horizon at an early stage of the simulation (initial conditions: P = 0,
I = 0) of Fig. 7 in terms of the BL coordinates (a∗ = 0.95). Dashed lines show quantities at t = 0, dotted
lines show results at t = 4M , and solid lines show results at t = 8M .
Figure 17. Simulation of the case with initial conditions of Bφ˜ = 0, Eθ˜ = 0 along the radial magnetic
surface at the equatorial plane around a rapidly spinning black hole (a∗ = 0.95). Dashed lines show quantities
at t = 0, dotted lines show results at t = 30M , and solid lines show results at t = 60M .
Here we show a numerical calculation with an excurvature-flared magnetic surface given by Eq.
(74) with m = −0.25 imaged in Fig. 3 (b). Figure 20 shows the time development of P , I, and ΩF
of the force-free electromagnetic field along an excurvature-flared magnetic surface at the equatorial
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Figure 18. Simulation of the case with initial conditions of a steady-state solution of the force-free
electromagnetic field along the incurvature-flared magnetic surface at the equatorial plane (m = 0.25)
around a rapidly spinning black hole (a∗ = 0.95). Dashed lines show quantities at t = 0, dotted lines show
results at t = 5M , and solid lines show results at t = 10M . Dashed, dotted, and solid lines overlap in this
case.
plane around a spinning black hole with a∗ = 0.95. The horizontal solid red lines show the steady
state solution. In the excurvature-flared magnetic surface case, the electromagnetic field does not
appear to converge to the steady state (details are given by Imamura & Koide 2019).
5. SUMMARY
We have reviewed the basic method of 1D FFMD and showed the analytic solution of the steady-
state force-free field for an arbitrary magnetic surface with Eqs. (41), (42), (57), and (58). To
confirm the validity of the analytic solution, we derived two analytic solutions given by Blandford
& Znajek (1977) using Eqs. (58) and (59). We have demonstrated test numerical calculations
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static solution
static solution
static solution
static solution
static solution
static solution
Figure 19. Simulation of the case with initial conditions of Bφ˜ = 0, Eθ˜ = 0 along the incurvature-flared
magnetic surface at the equatorial plane (m = 0.25) around a rapidly spinning black hole (a∗ = 0.95).
Dashed lines show quantities at t = 0. Horizontal solid red lines show static solutions. The top panels show
results early stages (dotted lines: t = 100M ; solid lines: t = 200M). The bottom panels show results at late
stages (dotted lines: t = 1000M ; solid lines: t = 2000M).
of 1D FFMD for three types of magnetic surfaces along the equatorial plane (in Table 1). The
numerical simulations of 1D FFMD are used to investigate the mechanism of energy extraction from
a spinning black hole via the magnetic field and transport of the extracted energy toward infinity
(Koide & Imamura 2018; Imamura & Koide 2019). First, in the case of a slowly spinning black hole
(a∗  1), we have confirmed the analytic solution for the radial magnetic surface of a magnetic
monopole derived by Blandford & Znajek (1977) with both the BL and KS coordinates. We have
also performed simulations of nonstationary fields on the magnetic surface along the equatorial plane
around rapidly spinning black holes. The electromagnetic field approaches those of the Blandford–
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static solution
static solution
static solution
static solution static solution
static solution
Figure 20. Simulation of the case with initial conditions of Bφ˜ = 0, Eθ˜ = 0 along the excurvature-flared
magnetic surface at the equatorial plane (m = −0.25) around a rapidly spinning black hole (a∗ = 0.95).
Dashed lines show quantities at t = 0. Horizontal solid red lines show static solutions. The top panels show
results at early stages (dotted lines: t = 100M ; solid lines: t = 200M). The bottom panels show results at
late stages (dotted lines: t = 1000M ; solid lines: t = 2000M).
Znajek solution spontaneously, except for the following excurvature-flared magnetic surface cases.
With the radial magnetic surface in the KS coordinates, under any initial conditions, the quantities
at the horizon converge rapidly to the value given by the Blandford–Znajek solution, and the region of
the Blandford–Znajek solution spreads toward infinity. Conversely, with the radial magnetic surface
in the BL coordinates, except for the case of the initial condition of the Znajek condition at the
horizon, no energy radiates at the horizon due to time-freezing at the horizon. The tsunami-like
wave spreads outward to infinity and inward to the horizon. In the tsunami-like wave region, the
Poynting flux is directed outward. At the front of the wave near the horizon, energy-at-infinity
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becomes significantly negative to provide energy to the tsunami-like outward wave. In other words,
the energy source of the outward Poynting flux is the negative energy region at the front of the
inward wave near the horizon. This clearly demonstrates the difference between the results obtained
in the BL and KS coordinates. The numerical results of the BL coordinates become the same as
those of the KS coordinates distant from but not near the horizon. This difference is reasonable
because the time is different between the BL and KS coordinates at the horizon and infinitely distant
from the horizon (Eq. (48)). In other words, the initial condition of the BL coordinate frames at
the horizon corresponds to the condition at infinite past in the KS coordinates. In other cases with
incurvature- and excurvature-flared magnetic surfaces, the regions of finite power density (P > 0),
where P is initially zero, spread gradually outward. In the incurvature-flared magnetic surface case,
the electromagnetic field state (ΩF, I, and P ) converges to the expected solution of the steady-state
solution after a very long period (t = 1000M). In the excurvature-flared magnetic surface case, the
electromagnetic field state (ΩF, I, and P ) appears not to converge to the steady state. Here the
steady state is never achieved. Detailed analyses of incurvature- and excurvature-flared magnetic
surfaces have been performed previously by Imamura & Koide (2019).
The results shown in Figs. 11 – 14 provide important insight into the causality relative to the
Blandford–Znajek mechanism. These results suggest that there are two kinds of energy flux with
the information. One kind of energy flux can bring information in the direction of the energy flux,
similar to a pulse outside the horizon. The other kind of energy flux never brings information in
the direction of the outward energy flux, such as a pulse inside the horizon. This appears to explain
causality in the Blandford–Znajek mechanism.
In conclusion, we have reviewed the basic method of 1D FFMD, given the analytic solutions of the
steady-state force-free field for an arbitrary magnetic surface, and demonstrated test calculations of
1D FFMD with three types of magnetic surfaces at the equatorial plane. Using the analytic solutions
of 1D FFMD, we may be able to analytically solve the Grad–Shafranov equation relative to Ψ(r, θ)
around a spinning black hole. This may become a remarkable challenge. We expect that 1D FFMD
will be employed frequently as a standard tool in various fields.
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APPENDIX
A. 3+1 FORMALISM OF ENERGY AND MOMENTUM CONSERVATION LAWS IN 1D FFMD
We show the derivations of the 3+1 formalism of conservation laws of energy and momentum
in FFMD (Eqs. (20) and (21)). The world line of the normal observer frame is perpendicular to
the hypersurface of constant time in spacetime. The four-velocity of the normal observer frame is
Nµ = (1/α,−βi/α), Nµ = (−α, 0). The projection operator to a space-like hypersurface is written
by Pµν = gµν + NµNν . The temporal component of an arbitrary vector F µ observed by the normal
observer frame is
F˜ † = F µNµ. (A1)
The projection of the vector F µ to the space-like hypersurface
F˜ µ = PµνFν , (A2)
and F˜ † produces F µ as
F µ = F˜ µ + F˜ †Nµ. (A3)
Components of the vector measured by the normal observer frame are written by F µ˜ = (F˜ †, F˜ i).
With respect to an arbitrary tensor T µν , using
T˜ †† = T ρσNρNσ, T˜ †ν = TρσNρPσν , T˜ µ† = TρσPρµNσ, T˜ µν = TρσPρµPσν (A4)
we have the expansion form
T µν = T˜ ††NµN ν + T˜ †νNµ + T˜ µ†Nν + T˜ µν . (A5)
When T µν is a symmetric tensor, we have T˜ †µ = T˜ µ†. When T µν is an antisymmetric tensor, we have
T˜ †† = 0 and T˜ †µ = −T˜ µ†. Components of the tensor measured by the normal observer frame are
written by T t˜t˜ = T˜ ††, T t˜j˜ = T˜ †j, T i˜t˜ = T˜ i†, T i˜j˜ = T˜ ij.
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Applying the above relations to the electromagnetic field tensor F µν , its dual tensor ∗F µν , and
current density Jµ, we have
F 0i =
1
α
F 0˜˜i =
1
α
E i˜, (A6)
F ij = F i˜j˜ +N iF˜ 0j −N jF˜ 0i = ijk(Bk˜ + kmnNmEn˜), (A7)
∗F 0i =
1
α
∗F 0˜˜i =
1
α
B i˜, (A8)
∗F ij = −ijk(Fk˜0˜ − kpqNp ∗F 0˜q˜) = −ijk(Ek˜ − kpqNpB q˜), (A9)
J0 =
1
α
J 0˜ =
1
α
ρ˜e, (A10)
J i = J i˜ +N iJ 0˜ = J i˜ +N iρ˜e. (A11)
Here we use µνκ ≡ −Nλλµνκ = η0µνκ/√γ.
With respect to a symmetric energy-momentum tensor T µν , the 3+1 formalism of the energy-
momentum Eqs. (4) and (5), ∇µT µν = F ν is much complicated compared with that of an anti-
symmetric tensor of electromagnetic field F µν . When we use u˜ = T˜ ††, Sµ˜ = T˜ µ† = T˜ †µ, T µ˜ν˜ = T˜ µν ,
we obtain
αF˜ † =
∂u˜
∂t
+
1√
γ
∂i
[√
γα(S i˜ −N iu˜)
]
+ (∂iα)S
i˜ − αKijT i˜j˜, (A12)
αF˜i˜ =
∂Si˜
∂t
+
1√
γ
∂j
[√
γα(T j˜
i˜
−N jSi˜)
]
+ u˜∂iα− (∂αN j)Sj˜ −
1
2
α(∂iγjk)T
j˜k˜, (A13)
where Kij ≡ −Pµi PνjNµ;ν = −(1/2α)(γkj(αNk),i + γik(αNk),j + αNkγij,k) is the external curvature
of the spacetime. In the case of the force-free field, setting F µ = 0, we have
∂u˜
∂t
= − 1√
γ
∂i
[√
γα(S i˜ −N iu˜)
]
− (∂iα)S i˜ + αKijT i˜j˜, (A14)
∂Si˜
∂t
= − 1√
γ
∂j
[√
γα(T j˜i˜ −N jSi˜)
]
− u˜∂iα + (∂αN j)Sj˜ +
1
2
α(∂iγjk)T
j˜k˜. (A15)
Here we used Ni;νN
ν = ∂i(lnα) and N0;νN
ν = −αN i∂i(lnα), where the semicoron indicates the
covariant derivative.
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B. NON–1D EQUATIONS OF FFMD
Here we list non–1D equations of FFMD. Non–1D equations include the Ψ-derivative of the elec-
tromagnetic field variables, and information on the electromagnetic field of the neighbor magnetic
surface is required to use the non–1D equations.
The non–1D equation from Eq. (17) is
ρ˜e =
1√
γ
[
∂
∂r
(
√
γE r˜) +
∂
∂Ψ
(
√
γEΨ˜)
]
. (B16)
The non–1D equations from Eq. (18) are
∂
∂t
E r˜ + α(J r˜ + ρ˜eN
r) =
1√
γ
∂
∂Ψ
[α(Bφ˜ +
√
γ(N rEΨ˜ −NΨE r˜)], (B17)
∂
∂t
Eφ˜ + α(J φ˜ + ρ˜eN
φ) =
1√
γ
∂
∂r
[α(BΨ˜ +
√
γ(NφE r˜ −N rEφ˜)]
− 1√
γ
∂
∂Ψ
[α(Br˜ +
√
γ(NΨEφ˜ −NφEΨ˜)]. (B18)
The non–1D equation of Eq. (20) is
∂u
∂t
= − 1√
γ
∂
∂r
[α
√
γ(S r˜ +N ru˜)]− 1√
γ
∂
∂Ψ
[α
√
γ(SΨ˜ +NΨu˜)]
−∂α
∂r
S r˜ − ∂α
∂Ψ
SΨ˜αKijT
i˜j˜. (B19)
Last, the non–1D equation from Eq. (21) is
∂
∂t
SΨ˜ = −
1√
γ
∂
∂r
[α
√
γ(T r˜
Ψ˜
+N rSΨ˜)]−
1√
γ
∂
∂Ψ
[α
√
γ(T Ψ˜
Ψ˜
+NΨSΨ˜)]
−u˜ ∂α
∂Ψ
− ∂
∂Ψ
(αN j)Sj˜ +
1
2
∂γjk
∂Ψ
T j˜k˜. (B20)
The above equations cannot be used for 1D FFMD calculations.
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